Perspective: Computing (ro-)vibrational spectra of molecules with more than four atoms The Journal of Chemical Physics 146, 120902 (2017) The potential energy surface for the electronic ground state of PH 3 was calculated at the CCSD͑T͒ level using aug-cc-pV͑Q+d͒Z and aug-cc-pVQZ basis sets for P and H, respectively, with scalar relativistic corrections included. A parametrized function was fitted through these ab initio points, and one parameter of this function was empirically adjusted. This analytical PES was employed in variational calculations of vibrational energies with the newly developed program TROVE. The convergence of the calculated vibrational energies with increasing vibrational basis set size was improved by means of an extrapolation scheme analogous to the complete basis set limit schemes used in ab initio electronic structure calculations. The resulting theoretical energy values are in excellent agreement with the available experimentally derived values.
I. INTRODUCTION
In previous publications, [1] [2] [3] we applied the recently developed program XY3 ͑Refs. 4 and 5͒ to the calculation of rotation-vibration energies and intensities for the electronic ground state of the PH 3 molecule. In Ref. 1 , an ab initio potential energy surface ͑PES͒ of Wang et al. 6 was refined by simultaneous least-squares fitting to ab initio data and experimentally derived vibrational energy spacings, and the resulting PES was used to determine vibrational term values of PH 3 . Subsequently, 2 it was demonstrated by actual calculation that at high rotational excitation, the rotation-vibration energies of PH 3 form sixfold clusters analogous to the wellknown fourfold clusters formed in highly excited rotational states of several triatomic dihydrides H 2 X. 7, 8 Most recently, 3 transition moments of vibrational bands and intensities of individual rotation-vibration transitions in PH 3 were computed with special emphasis on transitions involving the cluster states.
Here, we report a new six-dimensional CCSD͑T͒ / aug-cc-pV͑Q+d͒Z PES for the electronic ground state of PH 3 , which includes scalar relativistic corrections and accurately covers the energy region up to 7000 cm −1 above equilibrium. We determine a parametrized analytical potential energy function, denoted AV͑Q+d͒Z + R, by fitting the computed ab initio points and empirically adjusting a single parameter ͑the value of the equilibrium bond angle ␣ e ͒. We use this potential energy function for computing vibrational energies of PH 3 by means of the newly developed program TROVE. 9 This code implements a general approach to the calculation of rotation-vibration energies for polyatomic molecules of arbitrary structures in isolated electronic states. The approach is variational and has the nuclear kinetic energy operator represented as an expansion in terms of vibrational coordinates. In order to calculate molecular energies variationally, one has to diagonalize a matrix representation of the rotation-vibration Hamiltonian, constructed in a suitable basis set. For large molecules, the dimension of the matrix blocks to be diagonalized increases very rapidly with rotational excitation, and even at low rotational excitation, these matrix blocks may be so large that numerical diagonalization is no longer practical. The original version of TROVE ͑Ref. 9͒ has now been extended by implementing the use of basis functions symmetrized in the molecular symmetry group 8, 10 such that the Hamiltonian matrix becomes block diagonal according to the irreducible representations of the molecular symmetry group. 8, 10 The details of the extension will be described elsewhere. 11 The principal problem that we address in the present work is concerned with the convergence of the calculated rotation-vibration energies with increasing vibrational basis set. Here, we investigate the improvements of the convergence properties that can be obtained by using the technique of extrapolation to the complete basis set ͑CBS͒ limit. This technique is well explored in ab initio electronic structure calculations, 12, 13 where the extrapolation is carried out in terms of the so-called cardinal number X used to characterize an "X-tuple-zeta" basis set. In TROVE calculations, we use the a͒ polyad number P max to control the size of the vibrational basis set. 9 It has been shown 9 that the computed rotationvibration energies vary smoothly as P max increases. This leads us to replace the cardinal number X with P max when carrying out CBS-type extrapolations of rotation-vibration energies. That is, we aim at determining the limiting value of the rotation-vibration energy for P max → ϱ.
In order to make a CBS extrapolation in an ab initio calculation, it is necessary to compute the electronic energies for several values of X, and the effort necessary to do this increases drastically with increasing X. In rovibrational calculations, it is the density of states that creates most problems. Often, it is not straightforward to "connect" the correct progression of energies obtained at different values of P max . We demonstrate here that even with a high density of states, complete vibrational basis set ͑CVBS͒ extrapolations are possible albeit technically difficult.
The paper is structured as follows. In Sec. II, the new ab initio PES of PH 3 is described. The CVBS extrapolation scheme is introduced in Sec. III, where we also compare the variationally obtained band centers to the experimental values available in literature. Finally, conclusions are drawn in Sec. IV.
II. THE AB INITIO CALCULATION
As mentioned above, we have computed ab initio the PES for the electronic ground state of PH 3 by means of the CCSD͑T͒ method ͑i.e., coupled cluster theory with all single and double substitutions 14 and a perturbative treatment of connected triple excitations 15, 16 ͒ and the MOLPRO2002 program. 17, 18 We employed the Dunning family of basis sets: [19] [20] [21] [22] aug-cc-pV͑Q+d͒Z and aug-cc-pVQZ for P and H, respectively. The ab initio data points and their analytical representation will be referred to as AV͑Q+d͒Z. The energies were subsequently corrected by the mass velocity and the one-electron Darwin terms, computed at the CCSD͑T͒ level with the aug-cc-pV͑T+d͒Z ͑for P͒ and aug-cc-pVTZ ͑for H͒ basis sets. The resulting PES, which includes relativistic effects, will be referred to as AV͑Q+d͒Z+.
We label the protons of the PH 3 molecule as 1, 2, and 3, and the P nucleus as 4. The bond length r i ͑i =1,2,3͒ is defined as the instantaneous distance between the P nucleus and proton i, and the bond angle 
͑1͒
expressed in terms of the stretching and bending variables for the "umbrella" motion.
The inversion potential energy function in Eq. ͑1͒ is taken as
and the functions F jk. . . ͑sin ͒ are defined as
where sin e is the equilibrium value of sin and the quantities f 0 ͑s͒ and f jk͑ s͒ in Eqs. ͑6͒ and ͑7͒ are expansion coefficients. The summation limits in Eq. ͑7͒ are N = 3 for F j ͑sin ͒ and F jk ͑sin ͒, N = 2 for F jkl ͑sin ͒, and N = 1 for F jklm ͑sin ͒. We have determined a total of 74 parameters including f jk͑ s͒ , r e , and ␣ e in a least-squares fit to the 3017 ab initio energies ͑all less than 7000 cm −1 above equilibrium͒. Owing to the rigid character of PH 3 , this amount of data was sufficient to determine all potential parameters along with the equilibrium geometry with a root-mean-square ͑rms͒ error of 0.36 cm −1 . The resulting optimized parameter values of the AV͑Q + d͒Z+ potential function are listed in Table I , where we provide more digits than those defined by the corresponding standard errors to avoid possible round-off errors. The parameter a was fixed during the fit to the value a = 1.8 Å −1 and f 0 ͑1͒ was constrained to zero.
We have used the AV͑Q+d͒Z and AV͑Q+d͒Z + PES's to compute vibrational term values of PH 3 by means of the TROVE program 9 and the extrapolation to the CVBS limit which is described in Sec. III below. The results, and a detailed discussion of them, will be given in Ref. 11 . Here, it is sufficient to say that the introduction of the relativistic corrections had a relatively small effect which improved the agreement with experiment for most term values considered. However, the agreement with experiment for the term values of the states v 2 2 ͑v 2 Յ 4͒ deteriorated somewhat after the introduction of the relativistic corrections. We discovered that we could remedy this situation by empirically adjusting, in a least-squares fitting to experimentally derived vibrational energies, the one parameter ␣ e ͑i.e., the equilibrium bond angle value͒ of the analytical representation of the AV͑Q+d͒Z + PES. We denote the adjusted PES by AV͑Q + d͒Z + R. In Table II , we list the vibrational energies obtained from this PES ͑using the TROVE program in conjunction with the CVBS extrapolation described in Sec. III͒ and compare them to the available experimentally derived values. With ␣ e adjusted to 93.565°in the AV͑Q+d͒Z + R PES, the v 2 2 ͑v 2 Յ 4͒ term values are reproduced with deviations between −0.23 and 1.12 cm −1 ͑see Table II͒ . This very simple "refinement" seems to affect only umbrella-mode term values, where it improves the agreement with the experiment significantly. With the AV͑Q+d͒Z + R PES, we obtain a rms deviation of 2.2 cm −1 for all term values listed in Table II . The adjusted ␣ e value of 93.565°is very close to the original AV͑Q+d͒Z value of 93.556°and only slightly larger than the AV͑Q+d͒Z+ value of 93.493°. We use the AV͑Q+d͒Z + R PES for the calculations reported in Sec. III since it is the one that produces the best agreement with experiment. The results of CVBS extrapolations carried out with the purely ab initio AV͑Q+d͒Z and AV͑Q+d͒Z+ surfaces are completely analogous to those obtained with the AV͑Q+d͒Z + R PES.
III. EXTRAPOLATION TO THE COMPLETE VIBRATIONAL BASIS SET LIMIT
In the TROVE program, 9 the molecular rotation-vibration energies and wave functions are obtained in a variational procedure, i.e., by constructing the matrix representation of the rotation-vibration Hamiltonian in a set of suitable basis functions and diagonalizing the resulting matrix numerically.
Initially, we construct the matrix representation in terms of a set of primitive basis functions, 9 n = ͉n 1 ͉͘n 2 ͉͘n 3 ͉͘n 4 ͉͘n 5 ͉͘n 6 ͘. ͑8͒
Here, the three vibrational basis functions ͉n 1 ͘, ͉n 2 ͘, and ͉n 3 ͘ describe the stretching motion associated with the bond lengths r 1 , r 2 , and r 3 , respectively, while the other three functions ͉n 4 ͘, ͉n 5 ͘, and ͉n 6 ͘ describe the motion associated with the variation of the bond angles ␣ 12 , ␣ 13 , and ␣ 23 , respectively. In variational calculations labeled AV͑Q+d͒Z + R, an adjusted value of ␣ e = 93.565°was used ͑see text͒.
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Vibrational energies of PH 3 calculated variationallyeighth order, respectively͒ around the equilibrium geometry in the coordinates i ᐉ ͑i =1, ... ,6͒.
In variational calculations, the convergence of the calculated energies with increasing size of the basis set is a very important issue. As already mentioned, we generally use the polyad truncation number P max to control the basis set size. For a PH 3 vibrational basis function defined in Eq. ͑8͒, the polyad number P is given by 9 P = 2͑n 1 + n 2 + n 3 ͒ + n 4 + n 5 + n 6 , ͑9͒
and in the construction of the rovibrational Hamiltonian matrix, we include vibrational basis functions with P Յ P max .
We have performed a series of calculations with P max varying from 8 through 16. We observed that ͑a͒ the vibrational term values vary smoothly with P max , and ͑b͒ even for the largest basis set having P max = 16, some energies associated with excited states of the umbrella mode 2 were not fully converged. This motivated us to employ an extrapolation to the CVBS limit in terms of the polyad number P max which, in this context, can be viewed as being analogous to the cardinal number X that defines an X-tuple-zeta family of basis sets ͑X = 2 for DZ and 3 for TZ, etc.͒ in ab initio calculations. Several expressions have been used in electronic structure calculations for the CBS extrapolation. We employ here the exponential decay expression ͑compare with Refs. 19, 27, and 28͒ to extrapolate the vibrational term values of PH 3 to the CVBS limit,
where E i ϱ , a i , and i are fitting parameters, and i is a shorthand notation for the vibrational quantum numbers ͑v 1 , v 2 , v 3 l 3 , v 4 l 4 ͒ which are the customary spectroscopic labels based on an uncoupled-harmonic-oscillator approximation of the vibrational eigenfunction. The limiting value lim P max →ϱ E i ͑P max ͒ = E i ϱ , and so E i ϱ is the CVBS extrapolated value. It should be noted that Eq. ͑10͒ has a convenient alternative representation as a geometrical progression,
with q i = exp͑−2 i ͒.
We use the results of our PH 3 
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individual energy levels. The typical dependence of term values on P max is illustrated in Fig. 1 , where we plot 4 2 term values against P max . Obviously, the energy levels "stagger."
The even-P max energies define one smooth curve and the odd-P max energies define another slightly different one. The two curves have the same asymptote at P max → ϱ and so in order to fit the two curves in terms of Eq. ͑10͒, we require five parameters in total: Two a i values which we call a i even and a i odd , respectively, in an obvious notation; the corresponding two i -values i even and i odd ; and one value of E i ϱ which is common for the even and odd P max values. It is obvious from Eq. ͑9͒ that basis functions describing excited stretching states with no bending excitation ͓i.e., basis functions from Eq. ͑8͒ with n 4 = n 5 = n 6 = 0 and n 1 + n 2 + n 3 Ͼ 0͔ belong to even-P polyads. Odd-P basis functions describe pure bending states or bend-stretch combination states. As a consequence, the basis functions in the basis set obtained for P max = M, where M is an odd integer, have values of n 1 , n 2 , and n 3 identical to those found in the basis set with P max = M − 1. By changing P max from M −1 to M, we thus do not extend the stretching basis, but only the bending basis. On the other hand, by changing P max from M to M + 1, where M + 1 now is even, we extend both the stretching and the bending basis sets, since we introduce stretching basis functions with n 1 + n 2 + n 3 = ͑M +1͒ / 2. Hence, an oddto-even change should have a larger effect on the calculated energies than an even-to-odd change of P max . This is consistent with the energy changes shown in the bottom display of Fig. 1 and explains Table II , which has already been discussed above. In Tables III and  IV, we provide a complete list of PH 3 term values below 7000 cm −1 , computed with the polyad-based extrapolation described here. The band centers in these two tables are labeled as
where v 1 ͑v 3 ͒ denotes the number of stretching quanta of A 1 ͑E͒ symmetry, while v 2 ͑v 4 ͒ denotes the number of bending quanta of A 1 ͑E͒ symmetry; the values of ͑v 1 , v 2 , v 3 , v 4 ͒ were determined from an analysis of the computed eigenfunctions. In Table II , the conventional assignments are given for the experimentally derived term values ͑as reported in the experimental work͒. For the five highest E-state energies in Table II , these conventional assignments differ from those obtained from the TROVE wave functions and included in Table IV . For example, the term value calculated at 5541.73 cm −1 is labeled as 2 +2 3 in Table II and as  1 + 2 + 3 in Table IV , while the term value calculated at 6687.20 cm −1 is labeled as 1 +2 3 in Table II and as 3 3 in  Table IV . In terms of the v i quantum numbers of Eq. ͑12͒, the polyad number is given as P =2͑v 1 + v 3 ͒ + v 2 + v 4 , so that for each of the five E states with the conventional assignment differing from the TROVE one, the same value of P is obtained for the two alternative assignments. Thus, for the term value calculated at 5541.73 cm −1 , the assignments 2 +2 3 and 1 + 2 + 3 both produce P = 5, and for the term value calculated at 6687.20 cm −1 , the assignments 1 +2 3 and 3 3 both give P = 6. Generally, the interaction between basis states belonging to the same polyad is significantly stronger than that between basis functions of different polyads so that, as we observe here, alternative assignments preserve the polyad number.
The usefulness of the extrapolation scheme can be appreciated from the top display of Fig. 1 , where we show how the size N max of the primitive basis set depends on P max . When the polyad number P max is increased from 14 to 16, the number of basis functions almost doubles; it changes from 7722 to 14223. The term values with the slowest convergence ͑see, for example, the curve with the empty circles on Fig. 2 below͒ are associated with the excited states of the umbrella-motion mode. This reflects a deficiency in our choice of the bending internal coordinates
ᐉ ͒ upon which the primitive basis functions ͉n 4 ͉͘n 5 ͉͘n 6 ͘ in Eq. ͑8͒ depend. To see if we could improve the convergence properties by making a more suitable choice of the vibrational coordinates, we tried the bending coordinates,
where 4a ᐉ , 4a ᐉ , and ᐉ are linearized versions of the coordinates defined in Eqs. ͑3͒-͑5͒. We have already used this coordinate choice for a number of studies of XY 3 molecules However, for the purpose of investigating the CVBS approach, we accepted the minor deficiency inherent in choosing the vibrational coordinates as
Since not all term values are converged at P max = 16, without an extrapolation technique it would be necessary to increase P max up to 25-30 to achieve satisfactory convergence for all energies. With such high P max values, the E symmetry matrix blocks to be diagonalized in the variational calculations acquire dimensions of 41 245-104 640; the diagonalization of these matrix blocks is a formidable numerical task.
As an alternative to the P max -based extrapolation of TROVE-calculated energies, we also explore an extrapolation scheme using the zero-order energy as the criterion for basis set truncation. 9, 29, 30 In this case, the size of the basis set is controlled by the threshold energy E max in that we include basis functions for which
where E n i is the 1D energy that corresponds to the eigenfunction ͉n i ͘ obtained as a solution of the corresponding 1D Schrödinger equation ͑for details, see Ref.
9͒. Calculating the term values at different E max values, we can extrapolate to the CVBS limit by determining the limiting values of the energies for E max → ϱ. The advantage of this type of extrapolation is that we can compute the rotation-vibration energies at any value of E max and generate as many points as we like for the extrapolation. In the polyad truncation scheme, we are restricted to calculating the energies at integral values of P max . In Fig. 3 , we show the 4 2 term values computed at E max = 10 000, 11 000, 12 000, 14 000, 15 000, 16 000, and 17 000 cm −1 . The dependence of the energies on E max clearly has some similarity to that described by the exponential-decay function of Eq. ͑10͒, but the curve defined is not smooth. This reflects the noncontinuous nature of the basis set truncation scheme: When E max is increased by, say, 1000 cm −1 , it is rather accidental how many basis functions are being added to the basis set. Thus, the polyad extrapolation scheme is preferable, at least for PH 3 whose energy spectrum has a distinct polyad structure which will be discussed in detail in Ref. 11 . It is conceivable, however, that for molecules whose energy spectra have less developed polyad character, the alternative E max extrapolation could become useful.
It should be noted that, in practice, the extrapolation to the CVBS limit is usually hampered by the presence of other rotation-vibration energies near the one being extrapolated, especially when the spectrum exhibits a high density of states. This situation is rather typical for the energy region corresponding to relatively high vibrational and rotational excitation. This is illustrated by Fig. 2 , where we show a set of levels belonging to the sixth polyad. The level 6 2 crosses nine other term values before it reaches convergence, making it difficult to untangle it from the other energies. The problem is simply to connect the correct energies to collect the input data for the fitting to the function given in Eq. ͑10͒. In most cases, the energies can be identified by means of the theoretical assignment discussed in connection with Eq. ͑12͒. However, for severely mixed states, visual inspection of plotted term value diagrams serves as our last resort.
IV. SUMMARY AND CONCLUSIONS
In the present work, we report the new AV͑Q+d͒ Z + PES for PH 3 which has been obtained from CCSD͑T͒ calculations with a large basis set ͑of augmented polarized quadruple-zeta quality͒ and additional scalar relativistic corrections. A slight adjustment of a single parameter in the corresponding analytical potential function leads to the AV͑Q+d͒Z + R PES which has been used in all variational TROVE calculations reported presently. Theoretical vibrational term values of PH 3 were determined up to 7000 cm −1 above the vibrational ground state. These term values were improved by means of an extrapolation to the CVBS limit, carried out in terms of the polyad number P max which we use to control the size of the basis set in the variational TROVE calculations. From the results with P max = 8 , . . . , 16 
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